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Discrete latent variables

Discrete latent variables are widely used in mixture models, mixed
membership model, variable selection, and sigmoid belief net etc.

A common task is to optimize

E(φ) =
∫
f (z)qφ(z)dz = Ez∼qφ(z)[f (z)]

This objective includes

- Maximizing the marginal likelihood of a hierarchical Bayesian model
- Maximizing the evidence lower bound (ELBO) in variational inference
- Maximizing the expected reward in reinforcement learning
- ...

Mingzhang Yin (UT-Austin) ARM-∇ Oct 2018 2 / 26



Unbiased gradient estimators

Reparameterization
If ∇z f (z) is tractable to compute and z ∼ qφ(z) can be generated via
reparameterization as z = Tφ(ε), ε ∼ p(ε), then one may apply the
reparameterization trick

∇φE(φ) = ∇φEε∼p(ε)[f (Tφ(ε))] = Eε∼p(ε)[∇φf (Tφ(ε))]

REINFORCE (score-function estimator)
If Ez∼qφ(z)[∇φf (z)] = 0, using the score function
∇φ log qφ(z) = ∇φqφ(z)/qφ(z), one may use REINFORCE as

∇φE(φ) = Ez∼qφ(z)[f (z)∇φ log qφ(z)] ≈ 1

K

∑K

k=1
f (z (k))∇φ log qφ(z (k))
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Problems

However, neither estimator is problem free:

The reparameterization trick requires f (z) to be differentiable and
cannot be applied to discrete z
REINFORCE suffers from high Monte Carlo estimation variance
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Gradient estimation for discrete latent variables

For discrete latent variable z , to compute the gradient of
E(φ) = Ez∼qφ(z)[f (z)], existing solutions include

Biased but low-variance gradient estimator via a continuous relaxation
of discrete random variables

Gumbel-softmax trick, argmax(gi + log πi )

Variance reduction by adding control variates (a.k.a. baselines)

∇φE(φ) = Ez∼qφ(z)[f (z)∇φ log qφ(z)− b(z)]

where Ez∼qφ(z)[b(z)] = 0, for example

b(z) = m∇φ log qφ(z)
Learnable control variate function parameterized with neural network
(REBAR/RELAX)
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ARM gradient

Under review as a conference paper at ICLR 2019

Appendix

A THE ARM ALGORITHM

We summarize the algorithm to compute ARM gradient for binary latent variables. Here we show
the gradient with respect to the logits associated with the probability of Bernoulli random vari-
ables. If the logits are further generated by deterministic transform such as neural networks,
the gradient with respect to the transform parameters can be directly computed by the chain
rule. For stochastic transforms, the implementation of ARM gradient is discussed in Section 3.

Algorithm 1: ARM gradient for V -dimensional binary latent vector
input : Bernoulli distribution {qφv (zv)}v=1:V with probability {σ(φv)}v=1:V , target f(z);

z = (z1, · · · , zV ), φ = (φ1, · · · , φV )
output :φ and ψ that maximize E(φ,ψ) = Ez∼∏V

v=1 qφv (zv)[f(z;ψ)]

Initialize φ, ψ randomly;
while not converged do

Sample zv ∼ Bernoulli(σ(φv)) for v = 1, · · · , V ;
sample uv ∼ Uniform(0, 1) for v = 1, · · · , V , u = (u1, · · · , uV ) ;
gψ = ∇ψf(z;ψ) ;
f∆(u,φ) = f

(
1[u>σ(−φ)]

)
− f

(
1[u<σ(φ)]

)
;

gφ = f∆(u,φ)(u− 1
2
)

φ = φ+ ρtgφ, ψ = ψ + ηtgψ with step-size ρt, ηt
end

B MULTILAYER DISCRETE STOCHASTIC NETWORK

We present the derivation of ARM gradient in multiple stochastic layers discussed in main text
Proposition3.

Proof of proposition 3. First, to compute the gradient with respect to w1, since
E(w1:T ) = Eq(b1)Eq(b2:T | b1)[f(b1:T )] (32)

we have
∇w1
E(w1:T ) = Eu1∼Uniform(0,1)[f∆(u1, Tw1

(x))(u1 − 1/2)]∇w1
Tw1

(x), (33)
where

f∆(u1, Tw1(x)) = Eb2:T∼q(b2:T | b1), b1=1[u1>σ(−Tw1
(x))])[f(b1:T )]

− Eb2:T∼q(b2:T | b1), b1=1[u1<σ(Tw1
(x))])[f(b1:T )] (34)

Second, to compute the gradient with respect to wt, where 2 ≤ t ≤ T − 1, since
E(w1:T ) = Eq(b1:t−1)Eq(bt | bt−1)Eq(bt+1:T | bt)[f(b1:T )] (35)

we have
∇wtE(w1:T ) = Eq(b1:t−1)

[
Eut∼Uniform(0,1)[f∆(ut, Twt(bt−1), b1:t−1)(ut − 1/2)]∇wtTwt(bt−1)

]
,

(36)
where

f∆(ut, Twt(bt−1), b1:t−1) = Ebt+1:T∼q(bt+1:T | bt), bt=1[ut>σ(−Twt (bt−1))])[f(b1:T )]

− Ebt+1:T∼q(bt+1:T | bt), bt=1[ut<σ(Twt (bt−1))])[f(b1:T )] (37)

Finally, to compute the gradient with respect to wT , we have
∇wT E(w1:T ) = Eq(b1:T−1)

[
EuT∼Uniform(0,1)[f∆(uT , TwT (bT−1), b1:T−1)(uT − 1/2)]∇wT TwT (bT−1)

]
,

(38)

f∆(uT , TwT (bT−1), b1:T−1) = f(b1:T−1, bT = 1[uT>σ(−TwT (bT−1))])

− f(b1:T−1, bT = 1[uT<σ(TwT (bT−1))]) (39)

12

Mingzhang Yin (UT-Austin) ARM-∇ Oct 2018 6 / 26



Augmentation of binary random variable

Bernoulli random variable z ∼ Bernoulli(σ(φ)) can be reparameterized by
racing two augmented exponential random variables as

z = 1[ε1<ε2eφ], ε1 ∼ Exp(1), ε2 ∼ Exp(1).

The objective can be rewritten with respect to exponential random
variables as

E(φ) = Ez∼Bernoulli(σ(φ))[f (z)] = E
ε1,ε2

iid∼Exp(1)
[f (1[ε1e−φ<ε2])].
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REINFORCE in augmented space

Use REINFORCE with t1 = ε1e
−φ ∼ Exp(eφ) we have

∇φE(φ) = Et1∼Exp(eφ), ε2∼Exp(1)[f (1[t1<ε2])∇φ log Exp(t1; eφ)]

= Et1∼Exp(eφ), ε2∼Exp(1)[f (1[t1<ε2])(1− t1e
φ)]

= E
ε1,ε2

iid∼Exp(1)
[f (1[ε1e−φ<ε2])(1− ε1)]

Similarly with t2 = ε2e
φ ∼ Exp(e−φ)

∇φE(φ) = Eε1∼Exp(1), t2∼Exp(e−φ)[f (1[ε1<t2])∇φ log Exp(t2; e−φ)]

= −Eε1∼Exp(1), t2∼Exp(e−φ)[f (1[ε1<t2])(1− t2e
−φ)]

= −E
ε1,ε2

iid∼Exp(1)
[f (1[ε1e−φ<ε2])(1− ε2)]
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Merge the gradients

Swapping the indices of the two iid standard exponential random variables
, the gradient ∇φE(φ) can be equivalently expressed as

∇φE(φ) = −E
ε1,ε2

iid∼Exp(1)
[f (1[ε2e−φ<ε1])(1− ε1)].

Taking the average leads to

∇φE(φ) = E
ε1,ε2

iid∼Exp(1)

[(
f (1[ε1e−φ<ε2])− f (1[ε2e−φ<ε1])

)
(1/2− ε1/2)

]
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Merge the gradients

Letting ε1, ε2
iid∼ Exp(1) is the same in distribution as letting

ε1 = εu, ε2 = ε(1− u), where u ∼ Uniform(0, 1), ε ∼ Gamma(2, 1)

Marginalizing Gamma R.V. out reduces variance by the law of total
variance

∇φE(φ) = Eu∼U(0,1), ε∼Ga(2,1)

[(
f (1[u>σ(−φ)])− f (1[u<σ(φ)])

)
(εu/2− 1/2)

]
,

= Eu∼Uniform(0,1)

[(
f (1[u>σ(−φ)])− f (1[u<σ(φ)])

)
(u − 1/2)

]
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Multivariate generalization

Apply the univariate result to the inner expectation

∇φvE(φ) = Ez\v∼
∏

ν 6=v Bernoulli(zν ;σ(φν)){∇φvEzv∼Bernoulli(σ(φv )[f (z)]}
= Ez\v∼

∏
ν 6=v Bernoulli(zν ;σ(φν))

{
Euv∼Uniform(0,1)

[
(uv − 1/2)

×
(
f (z\v , zv = 1[uv>σ(−φv )])− f (z\v , zv = 1[uv<σ(φv )])

)]}
.

then sample z\v as 1[u\v<σ(φ\v )] or as z\v = 1[u\v>σ(−φ\v )],

∇φvE(φ) = Euv∼Uniform(0,1)

{
(uv − 1/2) Ez\v∼

∏
ν 6=v Bernoulli(zν ;σ(φν))

[

f (z\v , zv = 1[uv>σ(−φv )])− f (z\v , zv = 1[uv<σ(φv )])
]}

= Eu∼∏V
v=1 Uniform(uv ;0,1)

[
(uv − 1/2)

(
f (1[u>σ(−φ)])− f (1[u<σ(φ)])

)]
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Antithetic Sampling

The merging step is equivalent to the antithetic sampling

∇φvE(φ) = Ez\v∼
∏

ν 6=v Bernoulli(zν ;σ(φν)){∇φvEzv∼Bernoulli(σ(φv )[f (z)]}
= Eu∼

∏V
v=1 Uniform(uv ;0,1)

[
(1− 2uv )f (1[u<σ(φ)])

]
,

With the antithetic sample ũ = 1− u

∇φE(φ) =Eu∼
∏

v Uniform(0,1)[f (1[u<σ(φ)])(1/2− u)]

+ Eũ∼
∏

v Uniform(0,1)[f (1[ũ<σ(φ)])(1/2− ũ)]

=Eu∼
∏

v Uniform(0,1)[f (1[u<σ(φ)])(1/2− u) + f (1[ũ<σ(φ)])(1/2− ũ)]
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Relation to control variates

Proposition

Let B = {b(u) : b(u) = −b(1− u), }, and gAR(u) = f (1[u<σ(φ)])(1− 2u),
then with

b∗(u) = arg min
b(u)∈B

Var[gAR,v (u)− bv (u)]

we have gARM(u) = gAR(u)− b∗(u) with guaranteed variance reduction.

The common score baseline b(u) = m(1− 2u) ∈ B, which means the
variance reduction of ARM gradient is better than score baseline even with
optimal m.
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A simple example

Learning φ to maximize E(φ) = Ez∼Bernoulli(σ(φ))[(z − p0)2], where
p0 ∈ {0.49, 0.499, 0.501, 0.51}
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A simple example
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Figure: Estimation of the true gradient at each iteration using K > 1 Monte Carlo
samples, using REINFORCE, shown in the top row, or ARM, shown in the bottom
row. The ARM estimator exhibits significant lower variance given the same
number of Monte Carlo samples.
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Multiple discrete stochastic layers

A latent variable model with multiple stochastic hidden layers is

x ∼ pθ0(x |b1), b1 ∼ pθ1(b1 |b2), . . . ,bT ∼ pθT
(bT ),

The joint likelihood is

p(x ,b1:T |θ0:T ) = pθ0(x |b1)
[∏T−1

t=1
pθt (bt |bt+1)

]
pθT

(bT ).
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VAE with multiple discrete stochastic layers

VAE optimizes ELBO as Eqw (b|x) log pθ(x |b)p(b)
qw (b|x)

The encoder is designed as

qw1:T
(b1:T | x) = qw1(b1 | x)

[∏T−1

t=1
qw t+1(bt+1 |bt)

]

qw t (bt |bt−1) = Bernoulli(bt ;σ(Tw t (bt−1)))

The ELBO can be expressed as

E(w1:T ) = Eb1:T∼qw1:T
(b1:T | x) [f (b1:T )] , where

f (b1:T ) = log pθ0(x |b1) + log pθ1:T
(b1:T )− log qw1:T

(b1:T | x).
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ARM gradient of the ELBO

To compute the gradient with respect to w t ,

E(w1:T ) = Eq(b1:t−1)Eq(bt | bt−1)Eq(bt+1:T | bt)[f (b1:T )]

we treat Eq(bt+1:T | bt)[f (b1:T )] as a function

∇w tE(w 1:T )

= Eq(b1:t−1)

[
Eut∼Uniform(0,1)[f∆(ut , Tw t (bt−1),b1:t−1)(ut − 1/2)]∇w tTw t (bt−1)

]
,

where

f∆(ut , Tw t (bt−1),b1:t−1) = Ebt+1:T∼q(bt+1:T | bt), bt=1[ut>σ(−Twt (bt−1))])[f (b1:T )]

− Ebt+1:T∼q(bt+1:T | bt), bt=1[ut<σ(Twt (bt−1))])[f (b1:T )]
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ARM for VAE
Under review as a conference paper at ICLR 2019

and report the negative log-likelihood on the test set when the validation negative log-likelihood
reaches its minimum.

Linear Nonlinear Two layers

Algrithm − log p(x) Algrithm − log p(x) Algrithm − log p(x)

NVIL ∗ = 113.1 NVIL ∗ = 102.2 NVIL∗ = 99.8
WS∗ = 120.8 WS∗ - WS∗ = 107.7

REBAR? = 107.7 REBAR? = 101.4 REBAR? = 95.4
MuProp† ≤ 113.0 MuProp? = 99.1 MuProp† ≤ 100.4
Concrete? = 107.3 Concrete? = 99.6 Concrete? = 95.6
RELAX‡ ≤ 113.6 RELAX‡ ≤ 119.2 RELAX‡ ≤ 100.9
LeGrad ≤ 117.5 LeGrad - LeGrad -
ARM = 107.2 ± 0.1 ARM = 98.4 ± 0.3 ARM = 96.7± 0.3

Table 2: Negative log-likelihood of discrete VAEs on test set trained with mutiple stochastic gradient estimators
on MNIST where ∗, ?, †, ‡ represent the reported results from Mnih & Gregor (2014), Tucker et al. (2017), Gu
et al. (2016), Grathwohl et al. (2018) respectively. LeGrad result is obtained by running the author provided
code. ARM rerult is over 5 random initializations with standard error of the mean.

Linear Nonlinear Two layers

Algrithm − log p(x) Algrithm − log p(x) Algrithm − log p(x)

NVIL∗ = 117.6 NVIL∗ = 116.6 NVIL∗ = 111.4
REBAR? = 117.7 REBAR? = 118.0 REBAR? = 110.8
MuProp? = 117.6 MuProp? = 117.5 MuProp? = 111.2
Concrete? = 117.7 Concrete? = 116.7 Concrete? = 111.3
RELAX‡ ≤ 122.1 RELAX‡ ≤ 128.2 RELAX‡ ≤ 115.4

ARM = 115.8 ± 0.2 ARM = 117.6± 0.4 ARM = 109.8 ± 0.3

Table 3: Negative log-likelihood of discrete VAEs on test set trained with mutiple stochastic gradient estima-
tors on OMNIGLOT where ∗, ?, ‡ represent the reported results from Mnih & Gregor (2014), Tucker et al.
(2017),Grathwohl et al. (2018) respectively.

The numerical results are summarized in Table 2 and 3. The results show that ARM outperforms
the other competing methods in most tested network at high computational speed. Comparing to
vanilla REINFORCE algorithm which achieves − log p(x) as 164.0, 114.6, 159.2 for the “Linear”,
“Nonlinear” and “Two layers” networks, ARM gradient achieves significantly better final value due
to low variance gradient and only at the cost of 20− 30% more computation time due to the twice
evaluation of the objective whilst the control variates and local expectation methods require multiple
function evaluations and additional network training. We notice the AR gradient only gets slightly
better result than the REINFORCE which indicates the major variance reduction is contributed by the
antithetic step. To show the performance along the training process, we compare ARM with REBAR,
RELAX and Gumbel method by using the publicly available code from the authors and use the same
learning rate as in (Grathwohl et al., 2018) for fair comparison of convergence speed. Training and
validation curves are shown in Figure 2, 5 and 6. For MNIST data, we test the algorithms on two types
of binarization as (van den Oord et al., 2017): one is the static binarization with a random sampling
and the other is binarized at 0.5 threshold. ARM achieves the objective better or on a par with the
control variates methods in almost all the structures. The performance of ARM on the thresholded
MNIST is significantly better which may due to less hyper-parameters setting and stronger robustness
to different datasets. On OMNIGLOT data, for nonlinear network, RELAX/REBAR achieve slightly
higher ELBO but may be due to its severe overfitting caused by the auxiliary network used for
variance reduction. For less overfitting linear and two-stochastic-layer networks, ARM performs
better than RELAX/REBAR and converges significantly faster (about 6-8 times faster).

4.2 MAXIMUM LIKELIHOOD INFERENCE FOR A STOCHASTIC BINARY NETWORK

Denoting xl,xu ∈ R394 as the lower and upper halves of an MNIST digit, respectively, we consider a
standard benchmark task of estimating the conditional distribution pθ0:2

(xl |xu) (Raiko et al., 2014;
Bengio et al., 2013; Gu et al., 2016; Jang et al., 2017; Tucker et al., 2017), using a stochastic binary

8
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ARM for VAE

Under review as a conference paper at ICLR 2019
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Figure 5: Test negative ELBOs on MNIST(static) with respect to training iterations, shown in the top row, and
wall clock times on Tesla-K40 GPU, shown in the bottom row, for three differently structured Bernoulli VAEs.
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Figure 6: Test negative ELBOs on OMNIGLOT with respect to training iterations, shown in the top row, and
wall clock times on Tesla-K40 GPU, shown in the bottom row, for three differently structured Bernoulli VAEs.
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Figure 5: Test negative ELBOs on MNIST(static) with respect to training iterations, shown in the top row, and
wall clock times on Tesla-K40 GPU, shown in the bottom row, for three differently structured Bernoulli VAEs.

0 100000 200000 300000 400000 500000 600000
Steps

130

140

150

160

-E
LB

O

Omniglot

Training(REBAR)
Validation(REBAR)
Training(RELAX)
Validation(RELAX)
Training(ARM)
Validation(ARM)
Training(Gumbel)
Validation(Gumbel)

0 200000 400000 600000 800000 1000000
Steps

125

130

135

140

-E
LB

O

Omniglot

Training(REBAR)
Validation(REBAR)
Training(RELAX)
Validation(RELAX)
Training(ARM)
Validation(ARM)
Training(Gumbel)
Validation(Gumbel)

0 200000 400000 600000 800000 1000000
Steps

115

120

125

130

135

140

-E
LB

O

Omniglot

Training(REBAR)
Validation(REBAR)
Training(RELAX)
Validation(RELAX)
Training(ARM)
Validation(ARM)

(a) Nonlinear (b) Linear (c) Linear two layers

0 2000 4000 6000 8000
Time(seconds)

130

140

150

160

170

-E
LB

O

Omniglot

Training(REBAR)
Validation(REBAR)
Training(RELAX)
Validation(RELAX)
Training(ARM)
Validation(ARM)
Training(Gumbel)
Validation(Gumbel)

0 2500 5000 7500 10000 12500 15000 17500
Time(seconds)

120

125

130

135

140

145

150

-E
LB

O

Omniglot

Training(REBAR)
Validation(REBAR)
Training(RELAX)
Validation(RELAX)
Training(ARM)
Validation(ARM)
Training(Gumbel)
Validation(Gumbel)

0 5000 10000 15000 20000 25000 30000 35000
Time(seconds)

120

130

140

150

-E
LB

O

Omniglot

Training(REBAR)
Validation(REBAR)
Training(RELAX)
Validation(RELAX)
Training(ARM)
Validation(ARM)

(d) Nonlinear (e) Linear (f) Linear two layers

Figure 6: Test negative ELBOs on OMNIGLOT with respect to training iterations, shown in the top row, and
wall clock times on Tesla-K40 GPU, shown in the bottom row, for three differently structured Bernoulli VAEs.
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MLE with multiple discrete stochastic layers

Predict lower half of MNIST digit x l given the upper half xu;

Maximizing the conditional likelihood pθ0:2(x l | xu)

Approximate log pθ0:2(x l | xu) with

log
1

K

K∑

k=1

Bernoulli(x l ;σ(Tθ0(b(k)
1 )))

where b(k)
1 ∼ Bernoulli(σ(Tθ1(b(k)

2 ))), b(k)
2 ∼ Bernoulli(σ(Tθ2(xu))).

Training with K=1 and approximate negative log-likelihood
− log pθ0:2(x l | xu) with K = 1000
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Figure 3: Estimation of the true gradient at each iteration using K > 1 Monte Carlo samples, using REIN-
FORCE, shown in the top row, or ARM, shown in the bottom row. The ARM estimator exhibits significant lower
variance given the same number of Monte Carlo samples.

Figure 4: Randomly selected example results of predicting the lower half of a MNIST digit given its
upper half, using a binary stochastic network, which has two binary linear stochastic hidden layers
and is trained by ARM maximum likelihood inference.

ARM RELAX REBAR ST Gumbel-Softmax

Bernoulli

Nonlinear
MNIST(t) 101.3 110.9 111.6 112.5
MNIST(s) 109.9 112.1 111.8 -

OMNIGLOT 129.5 128.2 128.3 140.7

Linear
MNIST(t) 110.3 122.1 123.2 129.2
MNIST(s) 116.2 116.7 117.9 -

OMNIGLOT 124.2 124.4 124.9 129.8

Two layers
MNIST(t) 98.2 114.0 113.7 -
MNIST(s) 105.8 105.6 105.5 -

OMNIGLOT 118.3 119.1 118.8 -

Table 5: Test negative ELBOs of discrete VAEs trained with four different stochastic gradient estimators.
MNIST(t) is the binarized MNIST thresholded at 0.5 and MNIST(s) is the static binarized MNIST.
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network with two stochastic binary hidden layers, expressed as

xl ∼ Bernoulli(σ(Tθ0
(b1))), b1 ∼ Bernoulli(σ(Tθ1

(b2))), b2 ∼ Bernoulli(σ(Tθ2
(xu))). (29)

We set the network structure as 392-200-200-392 which means both b1 and b2 are 200 dimensional
binary vectors and the transformation Tθ are linear so the results are directly comparable with those in
Jang et al. (2017). We approximate log pθ0:2

(xl |xu) with log 1
K

∑K
k=1 Bernoulli(xl;σ(Tθ0

(b
(k)
1 ))),

where b(k)
1 ∼ Bernoulli(σ(Tθ1(b

(k)
2 ))), b

(k)
2 ∼ Bernoulli(σ(Tθ2(xu))). We perform training with

K = 1, which can also be considered as optimizing on a single-Monte-Carlo-sample estimate of
the lower bound of the log likelihood shown in (27). We use Adam (Kingma & Ba, 2014), with the
learning rate set as 10−4, mini-batch size as 100, and number of epochs for training as 2000. Given
the inferred point estimate of θ0:2 after training, we evaluate the accuracy of conditional density
estimation by estimating the negative log-likelihood as − log pθ0:2

(xl |xu), averaging over the test
set using K = 1000. We show example results of predicting xl given xu in Figure 4 of the Appendix.

Table 4: For the MNIST conditional distribution estimation benchmark task, comparison of the test negative
log-likelihood between various gradient estimators in Jang et al. (2017) is reported here.

Gradient estimator ARM ST DARN Annealed ST ST Gumbel-S. SF MuProp

− log p(xl |xu) 57.9 ± 0.1 58.9 59.7 58.7 59.3 72.0 58.9

As shown in Table 4, optimizing a stochastic binary network with the ARM estimator, which is unbi-
ased and computationally efficient, achieves the lowest test negative log-likelihood, outperforming
previously proposed biased stochastic gradient estimators on similarly structured stochastic networks,
including DARN (Gregor et al., 2013), straight through (ST) (Bengio et al., 2013), slope-annealed
ST (Chung et al., 2016), and ST Gumbel-softmax (Jang et al., 2017), and unbiased ones, including
score-function (SF) and MuProp (Gu et al., 2016).

5 CONCLUSIONS

To train a discrete latent variable model with one or multiple discrete stochastic layers, we propose
the augment-REINFORCE-merge (ARM) estimator to provide unbiased and low-variance gradient
estimates of the parameters of discrete distributions. With a single Monte Carlo sample, the estimated
gradient is the multiplication between uniform random noises and the difference of a function of
two vectors of correlated binary latent variables. Without relying on learning control variates for
variance reduction, it maintains efficient computation and avoids increasing the risk of overfitting.
Applying the ARM gradient leads to state-of-the-art out-of-sample prediction performance on both
auto-encoding variational and maximum likelihood inference for discrete stochastic feedforward
neural networks.

Some of the natural further explorations would be generalizing the data augmentation from binary
variables to K-way categorical latent variables, combining ARM gradient with other othogonal
variance reduction methods such as the control variates and local expectation, extending to the multi-
sample gradient such as (Mnih & Rezende, 2016) and the applications in reinforcement learning.
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Future work

ARM gradient can be generalized to categorical variables by the the
exponential racing property: xi ∼ Exp(λi ) are independent
exponential random variables for i = 1, . . . ,M, then

P
(
i = arg minj xj

)
= P (xi < xj , ∀ j 6= i) = λi

/∑M

i=1
λi .

Combination with other variance reduction methods

Applications in the reinforcement learning with discrete actions and
natural language processing
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Thank you!
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